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Dedicated to Professor J. A. Green on the occasion of his 80th birthday Abstract. Let G be a connected reductive algebraic group defined over the finite field F q , where q is a power of a good prime for G. We write F for the Frobenius morphism of G corresponding to the F q -structure, so that G F is a finite group of Lie type. Let P be an F -stable parabolic subgroup of G and U the unipotent radical of P . In this paper, we prove that the number of U F -conjugacy classes in G F is given by a polynomial in q, under the assumption that the centre of G is connected. This answers a question of J. Alperin in [1] .
In order to prove the result mentioned above, we consider, for unipotent u ∈ G F , the variety P 0 u of G-conjugates of P whose unipotent radical contains u. We prove that the number of F q -rational points of P 0 u is given by a polynomial in q with integer coefficients. Moreover, in case G is split over F q and u is split (in the sense of [22, §5] ), the coefficients of this polynomial are given by the Betti numbers of P 0 u . We also prove the analogous results for the variety P u consisting of conjugates of P that contain u.
Introduction
Let GL n (q) be the general linear group of nonsingular n × n matrices over the finite field F q and let U n (q) be the subgroup of GL n (q) consisting of upper unitriangular matrices. A longstanding conjecture states that the number of conjugacy classes of U n (q) for fixed n as a function of q is an integral polynomial in q. This conjecture has been attributed to G. Higman (cf. [10] ), and it has been verified for n ≤ 13, see [33] . There has also been interest in this conjecture from G.R. Robinson (see [20] ) and J. Thompson (see [32] ).
In [1] J. Alperin showed that a related question is easily answered, namely that the number of U n (q)-conjugacy classes in all of GL n (q), for fixed n as a function of q is a polynomial in q with integer coefficients. Generalizing this result, in Theorem 4.6, we give an affirmative answer to a question raised by Alperin in [1] . In order to state this generalization we need to introduce some notation.
Let G be a connected reductive linear algebraic group over F q , where q is a power of a good prime for G. We write F for the Frobenius morphism corresponding to the F q -structure on G; then the F -fixed point subgroup G F of G is a finite group of Lie type. Assume that the centre of G is connected. Let P be an F -stable parabolic subgroup of G with unipotent radical U.
In Theorem 4.6 of this paper, we prove that the number of U F -conjugacy classes in G F is given by a polynomial in q with integer coefficients (in case G has a simple component of type E 8 , we require two polynomials depending on the congruence of q modulo 3). This generalizes the aforementioned result of Alperin, firstly by replacing GL n (q) by an arbitrary finite reductive group G F and secondly by allowing any parabolic subgroup of G F rather than just a Borel subgroup.
In order to prove Theorem 4.6, we are led to consider the F q -rational points in certain subvarieties of the variety P of G-conjugates of P . Given u ∈ G unipotent, we write P u for the subvariety of P consisting of conjugates of P that contain u and P 0 u is the subvariety of P u consisting of conjugates of P whose unipotent radical contains u. We prove that the number of F q -rational points of the variety P u (respectively P 0 u ) is given by a polynomial in q for u ∈ G F unipotent. For a precise formulation, see Theorem 3.10. Assuming that G is split and that u ∈ G F is split (in the sense of [22, §5] ) we show in Proposition 3.15 that the coefficients of the polynomials describing the number of F q -rational points in P u and P 0 u from Theorem 3.10 are given by the Betti numbers of the underlying varieties.
We now give an outline of the proofs of our principal results and of the structure of the paper.
In order to state our main results precisely, we require an axiomatic formalism for connected reductive algebraic groups; this axiomatic setup is given in §2.2. Further, to make sense of considering the varieties P u for different values of q, we need a parameterization of the unipotent G F -conjugacy classes that is independent of q; the relevant results from [22] and [13] are recalled in §2. 3 .
For our proof of Theorem 3.10, we require results from the representation theory of finite groups of Lie type to express |P F | are given as linear combinations of Green functions. Due to work of T. Shoji ([22] ) these Green functions are given by polynomials in q; from this we can deduce Theorem 3.10. The relevant results on Deligne-Lusztig generalized characters and Green functions are recalled in §2. 5 .
In order to prove Proposition 3.15, i.e. that, in case G and u are split, the coefficients of the polynomials |P F | are given by the Betti numbers of the varieties P u and P 0 u , we require a purity result for these varieties. In §2. 4 we deduce such a result from a well-known purity result of T. A. Springer [28] for the variety B u of Borel subgroups of G that contain u. This deduction also requires results of W. Borho and R. MacPherson ( [3] ) about the varieties P u and P 0 u . By k(U F , G F ) we denote the number of U F -conjugacy classes in G F . To prove Theorem 4.6 we adapt the arguments in [1] to express k(U F , G F ) in terms of the sizes of the sets (P 0 u ) F for u ∈ U F . The independence of the parameterization of the unipotent G F -conjugacy classes means that, in a sense, this expression does not depend on q. This allows us to deduce Theorem 4.6 from Theorem 3.10.
Let P and Q be associated F -stable parabolic subgroups of G, i.e. P and Q have Levi subgroups which are conjugate in G. Let P and Q be the corresponding generalized flag varieties of P and Q, respectively. In Corollary 3.5 we show that for u ∈ G F unipotent, we have |P Further, let U and V be the unipotent radicals of P and Q, respectively. As a consequence of the expressions that we get for the polynomials in Theorem 4.6, we show in Corollary 4.8, that the two polynomials in q given by k(U F , G F ) and k(V F , G F ) are equal. This essentially follows from the fact that the Harish-Chandra induction functor R G L does not depend on the choice of an F -stable parabolic subgroup of G containing L as a Levi subgroup.
We note that the assumption that the centre of G is connected is only really required so that the parameterization of the unipotent G F -conjugacy classes is independent of q. This means that many of the results in this paper are valid without this assumption given an appropriate statement; for example, see Remark 3.12. In Example 4.11 we indicate in case G has disconnected centre how the number of U F -conjugacy classes in G F is given by a set of polynomials in q depending on the congruence class of q with respect to some positive integer.
In an appendix to this paper, we give an elementary combinatorial proof that |(P 0 u ) F | is given by a polynomial in q in the case G = GL n . Consequently, we obtain an elementary proof of Theorem 4.6 in the case G = GL n .
As general references on finite groups of Lie type, we refer the reader to the books by Carter [4] and Digne-Michel [6] .
Preliminaries
For the statements of the main results of this paper we require an axiomatic formalism for connected reductive algebraic groups; this is introduced in §2.2. In other parts of the sequel we do not require this axiomatic setup and we use the notation given in the following subsection instead. In each subsection, we state which setup we are using.
2.1. General notation for algebraic groups. In this section we introduce various pieces of notation that we require in the sequel.
First we fix some general group theoretic notation. For a group G, a subgroup H of G and x ∈ G we write: Z(G) for the centre of G; N G (H) for the normalizer of H in G; C G (x) for the centralizer of x in G; G · x for the conjugacy class of x in G; and x H = xHx −1 . If G is finite and p is a prime, then we write |G| p for the p-part of the order of G, and |G| p ′ for the p ′ -part of the order of G. Now we give some notation for connected reductive algebraic groups that we use in the sequel. Let G be a connected reductive algebraic group over the algebraic closure of a finite field F q , where q is a prime power. The variety of unipotent elements of G is denoted by G uni . For a closed subgroup H of G we write H
• for the identity component of H and R u (H) for the unipotent radical of H. Given x ∈ G we write
• for the component group of the centralizer of x.
Let T be a maximal torus of G and let B be a Borel subgroup of G containing T . We write Ψ for the root datum of G with respect to T ; so Ψ is a quadruple (X, Φ,X,Φ), where X is the character group of T , Φ is the root system of G with respect to T ,X is the cocharacter group of T andΦ is the set of coroots of G with respect to T . Let Π (resp. Φ + ) be the base of Φ (resp. the subset of positive roots) determined by B. For a subset J of Π, the standard parabolic subgroup P = P J is defined to be generated by B and the root subgroups U −α for α ∈ J. The unipotent radical of P is denoted by U = R u (P ). We write L = L J for the unique Levi subgroup of P that contains T , i.e. L is the standard Levi subgroup of P , see [6, Prop. 1.17] . The Weyl group of G is denoted by W and we write W L for the Weyl group of L. As usual, l(w) denotes the length of w ∈ W with respect to the set of Coxeter generators determined by Π.
For β ∈ Φ + write β = α∈Π c α,β α with c α,β ∈ Z ≥0 . We recall that a prime p is said to be bad for Φ if it divides c α,β for some α and β, else it is called good for Φ; we say p is good for G if it is good for Φ. Now suppose G is defined over F q , where q is a power of p, and let F : G → G be the corresponding Frobenius morphism of G. We write G F for the finite group of F -fixed points of G; likewise for any F -stable subvariety of G. Assume that B is F -stable (such a B exists, see [6, 3.15] ) so that T is a maximally split maximal torus of G. For each w ∈ W we let T w be an F -stable maximal torus of G obtained by twisting T by w, see [6, 3.24] .
We now recall some notation regarding the representation theory of the finite group of Lie type G F . To simplify notation we often omit the superscript F in places where it should strictly be written, so for example we write 1 G for the trivial character of G F and we denote the regular character of G F by χ G . Given an F -stable subgroup H of G, we write Ind [6, §11] ). If L is a Levi subgroup of an F -stable parabolic subgroup P of G, then we recall that R G L is the Harish-Chandra induction functor (see [6, §6] ). For w ∈ W we write Irr(T In some parts of this paper we consider l-adic cohomology groups. Given a variety V defined over F q we write H i (V, Q l ) for the ith l-adic cohomology group of V , where l is a prime not dividing q. We write H i c (V, Q l ) for the l-adic cohomology with compact support groups. Recall that in case V is projective, the cohomology groups
2.2. Axiomatic setup for connected reductive algebraic groups. In order to be able to state the results indicated in the introduction precisely, we use an axiomatic formalism for connected reductive algebraic groups, following [8, §4] . The idea is that a tuple of combinatorial objects is used to define a family of connected reductive groups indexed by prime powers. We refer the reader to [6, §0, §3] for some of the results used below.
Let Ψ = (X, Φ,X,Φ) be a root datum. Then given a finite field F q , the root datum Ψ determines a connected reductive algebraic group G over F q and a maximal torus T of G such that Ψ is the root datum of G with respect to T ; moreover, G is unique up to isomorphism and T is unique up to conjugation in G. Now let Π be a base for Φ; this determines a Borel subgroup B of G containing T . Further, B is determined up to conjugacy in G.
Let F 0 : X → X be an automorphism of finite order such that F 0 (Φ) = Φ, F 0 (Π) = Π and F * 0 (Φ) =Φ. Then for any prime power q, the automorphism F 0 defines a Frobenius morphism F : G → G such that the induced action of F on X is given by q · F 0 . Further, B and T are F -stable, so that T is a maximally split maximal torus of G. Now let J be a subset of Π such that F 0 (J) = J. Then J determines the standard parabolic subgroup P = P J of G. If q is a prime power and F is the corresponding Frobenius morphism q · F 0 of G, then P is F -stable.
Summing up, the discussion above implies that the quadruple ∆ = (Ψ, Π, F 0 , J), along with a prime power q determines
• a connected reductive algebraic group G defined over F q with corresponding Frobenius morphism F and maximally split F -stable maximal torus T ;
• an F -stable Borel subgroup B ⊇ T of G; and • an F -stable parabolic subgroup P ⊇ B.
The connected reductive algebraic group G is unique up to isomorphism defined over F q ; the Borel subgroup B is determined up to conjugacy in G F ; the maximal torus T is determined up to conjugacy in B F ; and (given B) P is uniquely determined. At some points in the sequel we do not require the parabolic subgroup P . In such situations we only consider the data Γ = (Ψ, Π, F 0 ), which along with a prime power q determines everything above except for P .
We note that if we do not assume that F 0 stabilizes a base Π of Φ, then the data (Ψ, F 0 ) and q still determine a connected reductive algebraic group G that is defined over F q and an F -stable maximal torus T of G, which is not, in general, maximally split. However, there always exists an F -stable Borel subgroup of G (see [6, 3.15] ). Therefore, it does no harm to make the assumption that F 0 stabilizes Π.
The notation we use for G, B, T and P does not reflect the fact that their F q -structure depends on the choice of a prime power q. Let q be a prime power and m a positive integer, write F for the Frobenius morphism corresponding to q. Then it is not necessarily the case that the Frobenius morphism corresponding to the prime power q m is F m , i.e. the definition of G over F q m is not necessarily obtained from the F q -structure by extending scalars. For example, suppose G = SL n with definition over F q so that G F is the special unitary group SU n (q 2 ), i.e. F 0 is given by the graph automorphism of the Dynkin diagram of type A n−1 . Then the automorphism F 2 0 is the identity, so that the group of F q 2 -rational points of G is G F 2 = SL n (q 2 ) and not SU n (q 4 ). However, in order to keep the notation short, we choose not to show this dependence on q.
Remark 2.1. Despite the lack of outward exhibition of dependence on q discussed above, in the sequel we wish to allow q to vary and for G, B, T and P to define groups and F a Frobenius morphism of G for each q. For example, this convention is required in order to make sense of statements such as the following: "the number of F -stable unipotent conjugacy classes of G is independent of q", or "the number of conjugates of P F having non-trivial intersection with a given F -stable conjugacy class of unipotent elements is given by a polynomial in q". Now we discuss some further information that is determined by the data ∆ = (Ψ, Π, F 0 , J) and prime power q, where Ψ = (X, Φ,X,Φ) is a root datum. First we note that the unipotent radical U = R u (P ) of the F -stable parabolic subgroup P = P J of G and the unique Levi subgroup L = L J of P containing T are determined. Since both P and T are F -stable, so is L. The Weyl group W of G and the Weyl group W L of L are determined by ∆; further, we note that W and W L are independent of q. The F -stable twisted tori T w (w ∈ W ) are determined up to conjugacy in G F . The root lattice of Φ, which is denoted by ZΦ, is determined by ∆.
Lastly, in this section we discuss two further properties of the group G that are determined by ∆. At some points in the sequel we wish to assume that the centre of G is connected. We note that this being the case for all q corresponds to X/ZΦ being torsion free; this is because the character group of Z(G) is X/ZΦ modulo its p-torsion subgroup, where q is a power of the prime p. Also at some points we assume that G is simple modulo its centre, we note that this corresponds to Φ being an irreducible root system.
2.3.
On the unipotent conjugacy classes of G F . In this subsection we use the axiomatic setup from §2.2. In particular, we fix a triple Γ = (Ψ, Π, F 0 ), where Ψ = (X, Φ,X,Φ), so that for each choice of a prime power q we obtain a connected reductive group G defined over F q ; we write F : G → G for the corresponding Frobenius morphism of G. We use the convention discussed in Remark 2.1 to vary q. Further, any prime power that we consider is assumed to be a power of a good prime for Φ.
It is known that the parameterization of the unipotent classes of G and the structure of the associated component groups A(u) = C G (u)/C G (u)
• for u ∈ G uni is independent of q (cf. [18] , [19] , [16] ). We would like a similar statement for the F -stable unipotent classes of G, and for the unipotent G F -classes. There is a parameterization of the F -stable unipotent classes as follows (see [22] , [13] , and also [8, §4] ). There is a finite set E depending only on Γ (and not on q) so that there is a map E → G F uni written e → u e so that {u e | e ∈ E} is a complete set of representatives for the F -stable unipotent classes in G. Therefore, the F -stable conjugacy classes are parameterized by E and this parameterization is independent of q.
In order to get a parameterization of the unipotent G F -conjugacy classes we require some additional assumptions. We assume that X/ZΦ is torsion free, so that the centre of G is connected, and Φ is irreducible, so that G is simple modulo its centre.
With these additional assumptions, there is a collection of groups {A e | e ∈ E} (not depending on q) such that the component group A(u e ) is isomorphic to A e for every e ∈ E and the induced action of F on A(u e ) is trivial. Consequently, for e ∈ E, the G F -conjugacy classes in (G · u e )
F are in correspondence with the conjugacy classes of A e , cf. [29, I, 2.7] . So the unipotent G F -classes are parameterized by pairs (e, c), where e ∈ E and c is a conjugacy class of A e . Moreover, this parameterization is independent of q.
These results largely follow from work of T. Shoji on split elements. Following [22, §5] , an element u ∈ G F uni is called split provided each irreducible component of B u (see §2.4 for a definition of B u ) is stable under the action of F . If q is a power of a good prime for Φ, then split elements exist in each F -stable unipotent G-conjugacy class and are unique up to G F -conjugacy with one exception, see [22, Rem. 5.1] . If G is of type E 8 , q ≡ −1 mod 3, and C is the class E 8 (b 6 ) in the Bala-Carter labeling (this class is D 8 (a 3 ) in Mizuno's labeling [17] ), then there are no split elements in C F . If u is split, then F acts trivially on A(u), see [22] . The one case for G of type E 8 where there is no split element can be dealt with explicitly, see [13] .
Thus we have the following result, where we are using the convention discussed in Remark 2.1 to allow q to vary. This proposition is also stated in [8, §4.1]. Proposition 2.2. Fix the data Γ = (Ψ, Π, F 0 ), where Ψ = (X, Φ,X,Φ). Assume that Φ is irreducible and X/ZΦ is torsion free. For a prime power q, let G be the connected reductive algebraic group and F the Frobenius morphism determined by Γ. Then the parameterization of the unipotent conjugacy classes in G F is independent of q, for q a power of a good prime for Φ.
We now turn our attention to showing that Proposition 2.2 remains true when we remove the assumption that G is simple modulo its centre, i.e. that the root system Φ is possibly reducible. At the end of this subsection we briefly discuss what happens when G has disconnected centre.
We begin by assuming that G is semisimple and of adjoint type, equivalently that X = ZΦ. In this case the root system Φ has irreducible components on which the automorphism F 0 acts. We may write Φ as a disjoint union Φ = Φ 1 ∪ · · · ∪ Φ s of F 0 -stable root systems, where the irreducible components of each Φ i form a single orbit under the action of F 0 . This gives rise to a direct product decomposition G = G 1 × · · · × G s , where each G i is a semisimple algebraic group of adjoint type with root system Φ i ; moreover each G i is F -stable. Now for fixed i, the root system Φ i is the disjoint union of irreducible root systems of the same type; let Υ i be a root system of this type. Then G i is a direct product G i = H i × · · · × H i where H i is a simple algebraic group of adjoint type with root system Υ i . Let l i be the number of factors H i in the direct product decomposition of G i . Then we see that G
i , so that the F q -rational points of G i are in correspondence with the F q l i -rational points of H i . It follows that the unipotent G i -conjugacy classes, i.e. there is a finite set E i and for each e ∈ E i there is a group A i,e such that the unipotent G F i -conjugacy classes are given by pairs (e, c) where e ∈ E i and c is a conjugacy class of A i,e . More precisely, there exists u i,e ∈ G i for e ∈ E i such that the F -stable G i -conjugacy classes are precisely the classes G i · u i,e and the component group A(u i,e ) of the centralizer of u i,e is A i,e . Let E = E 1 × · · · × E s and for e = (e 1 , . . . , e s ) ∈ E let A e = A 1,e 1 × · · · × A s,es . Then we see that the unipotent G F -conjugacy classes are parameterized by pairs (e, c), where e ∈ E and c is a conjugacy class of A e . For e ∈ E, we let u e be a representative of the F -stable unipotent G-class, such that A(u e ) ∼ = A e and F acts trivially on A(u e ).
We now consider the case where the centre of G is not necessarily trivial, but is connected. In this case we letĜ be the semisimple adjoint group of the same type as G and let φ : G →Ĝ be the natural map. The Frobenius morphism F of G induces a Frobenius morphism ofĜ, which we also denote by F . We note that φ induces a bijective morphism G uni →Ĝ uni , and this induces a bijection between the F -stable unipotent conjugacy classes of G and those ofĜ. Let u ∈ G F uni be a representative of an F -stable unipotent G-conjugacy class so that φ(u) = u e for some e ∈ E as above. We have the exact sequence of algebraic groups
Further we note that F commutes with the maps in this sequence. Since taking component groups defines a right exact functor on the category of algebraic groups over F q and Z(G) is connected, we get an exact sequence of finite groups
Moreover, F commutes with this isomorphism. Therefore, it follows that φ induces a bijection between the unipotent G F -conjugacy classes and the unipotentĜ F -conjugacy classes. The discussion above gives the following generalization of Proposition 2.2.
Proposition 2.4. Fix the data Γ = (Ψ, Π, F 0 ), where Ψ = (X, Φ,X,Φ). Assume that X/ZΦ is torsion free. For a prime power q, let G be the reductive algebraic group and F the Frobenius morphism determined by Γ. Then the parameterization of the unipotent conjugacy classes in G F is independent of q, for q a power of a good prime for Φ.
Remark 2.5. The discussion proving Proposition 2.4 gives a parameterization of the unipotent G F -conjugacy classes given by pairs (e, c), where e ∈ E and c is a conjugacy class of A e . We may let u = u e,c ∈ G F uni be a representative of this conjugacy class. We now use the convention in Remark 2.1 to vary q. In general, as we vary q, the representative u changes. For the statement of results in Sections 3 and 4, we use the convention that when we fix a representative of a unipotent class and let q vary, then it is understood that u also changes.
To finish this subsection we briefly consider the situation when G has disconnected centre. As we do not require this case in the sequel, the discussion below is brief and omits details.
Suppose that G has disconnected centre. LetĜ be the semisimple adjoint group of the same type as G and let φ : G →Ĝ be the natural map. We still have a bijective morphism G uni →Ĝ uni induced by φ and this affords a bijection between the F -stable unipotent classes in G andĜ. The arguments above using the exact sequence (2.3) imply that taking the quotient of G by Z(G)
• does not affect the unipotent G F -conjugacy classes. Therefore, we may assume that Z(G) is finite.
Let u ∈ G F uni be such that φ(u) = u e for some e ∈ E as above. We still have the short exact sequence (2.3). When we take component groups, we get the exact sequence
and the action of F commutes with the maps in this exact sequence. Let Z be the image of Z(G) in A(u). Then we have A(u)/Z ∼ =Â(φ(u)) and Z is stable under F -conjugation by A(u). It follows that the F -conjugacy classes of A(u) are given by pairs (c, d), where c is a conjugacy class ofÂ(φ(u)) with representative xZ ∈ A(u)/Z ∼ =Â(φ(u)), and d is an F -conjugacy class of C A(u) (x) in Z. This in turn says that the G F -conjugacy classes in (G·u)
F are parameterized by pairs (c, d) as above. In general, this parameterization depends on q but only up to congruences of q modulo some positive integer.
We illustrate this splitting of conjugacy classes in the disconnected centre case with a simple example. Example 2.6. Suppose G = SL 3 with the standard definition over F q . Then G has three unipotent conjugacy classes labeled by the partitions (3), (2, 1) and (1, 1, 1) of 3. The regular unipotent class corresponds to the partition (3) and a split representative is
One can easily calculate the centralizer of u, and deduce that A(u) is the group of cube roots of unity in F q and the action of F on A(u) is the qth power map. If q is congruent to 1 modulo 3, then the action of F on A(u) is trivial and so there are three F -conjugacy classes in A(u). If q is congruent to −1 modulo 3, then there is a single F -conjugacy class in A(u) and if q is a power of 3, then A(u) is the trivial group and thus is a single F -conjugacy class. It follows that the G F -conjugacy classes in (G · u) F depend on the congruence class of q modulo 3.
2.4.
On purity of generalized flag varieties. In this subsection we use the notation from §2.1; we do not require the axiomatic formalism from §2.2.
Let B be the flag variety of G consisting of all Borel subgroups of G. Fix a parabolic subgroup P of G. Let P = { g P | g ∈ G} be the corresponding generalized flag variety consisting of all the G-conjugates of P .
For a unipotent element u ∈ G, we consider the fixed point subvarieties B u = {B ′ ∈ B | u ∈ B ′ } of B and P u = {P ′ ∈ P | u ∈ P ′ } of P. We also consider the related subvariety P 0 u = {P ′ ∈ P | u ∈ R u (P ′ )} of P u . Note that for P = B we have P u = P 0 u = B u . We can identify the variety B u with a fibre of Springer's resolution of the singularities of the unipotent variety G uni of G. The fixed point varieties P u can be viewed as fibres of partial resolutions of G uni , and have been studied by Borho-MacPherson [3] and Spaltenstein [26] . We note that while the results in [3] only apply in characteristic 0, Spaltenstein's treatment [26] is the positive characteristic setting we require.
Let V be a variety defined over F q with Frobenius morphism F corresponding to the F qstructure. We recall that V is called pure (or is said to satisfy the purity condition), if the eigenvalues of F on the l-adic cohomology groups H i c (V, Q l ) are algebraic integers of absolute value q i/2 . Let u ∈ G F uni . In [28] , Springer showed that despite the fact that the fixed point varieties B u are not smooth, they are pure. We require this purity condition also for the varieties P u and P 0 u . Let L be the unique Levi subgroup of P containing T . It follows from a result of Borho-
where
is given by the action of W defined by Springer [28] multiplied by the sign character of W ). The isomorphism in (2.7) is induced by the natural map B u → P u (cf. [26, Thm. 1.2]), which is clearly F -equivariant. Therefore, the isomorphism in (2.7) is compatible with the induced F -actions on both sides. As a consequence, the eigenvalues of F on H i (P u , Q l ) are algebraic integers of modulus q i/2 so that P u is pure. Since P and T are F -stable, so is L and the induced action of F on L is a Frobenius morphism. Whence F acts on B(L), the variety of Borel subgroups of L.
Since B(L) is smooth, and
It follows that P 0 u is pure. 2.5. Deligne-Lusztig generalized characters and Green functions. For this subsection we use the axiomatic formalism given in §2.2. We fix the triple Γ = (Ψ, Π, F 0 ), where Ψ = (X, Φ,X,Φ), so for each prime power q we have a connected reductive algebraic group G defined over F q with Frobenius morphism F . Further, we have a maximal torus T of G and the Weyl group W of G with respect to T . We recall from §2.1 that for a twisted torus T w (w ∈ W ), we write R Remark 2.9. For G simple of type E 8 , we only require two polynomials in case u lies in the conjugacy class with Bala-Carter label E 8 (b 6 ), see [22, Rem. 5.1] . This is precisely the conjugacy class for which there is no split element if q is congruent to −1 mod q, as mentioned in §2.3. For reductive G the two polynomials are only required in case there is a simple component H of G of type E 8 , such that the size of the F -orbit of H is odd and the projection of u into H belongs to the class with Bala-Carter label E 8 (b 6 ). For, if the F -orbit of H is of even size 2m, then the group of F -stable points of the direct product of the simple groups in this orbit is a finite simple group of type E 8 over the field F q 2m , so that there does exist a split element (since q 2m ≡ 1 mod 3).
Remark 2.10. In case q is a power of a bad prime for G, it is conjectured that the values of the Green functions Q G Tw (u) are also given by polynomials in q; this has been verified in many cases. In general, these polynomials differ from those for good characteristic. 2.6. Two standard lemmas. In this subsection we recall two standard lemmas that we require in the sequel. The first of these concerns a condition on a rational function that forces it to be a polynomial, we include a proof of this well-known result for the reader's convenience.
Lemma 2.11. Let f (z) ∈ Q(z) be a rational function. Suppose that there are infinitely
, where g(z), h(z), k(z) ∈ Q[z] and the degree of h(z) is strictly less than that of k(z). Suppose for a contradiction that h(z) = 0. We can find a positive integer N such that Ng(z) ∈ Z[z]. Since f (n) ∈ Z for infinitely many n ∈ Z, there exists such n for which 0 <
, and the left hand side is an integer, whereas the right hand side cannot be an integer. This contradiction shows that h(z) = 0, so that f (z) = g(z) ∈ Q[z], as required.
For the next lemma we refer the reader to §2.4 for the definition of a pure variety. Using the Grothendieck trace formula (e.g. see [6, Thm. 10 .4]), Lemma 2.12 can be proved with standard arguments, see for example [2, §5] . Lemma 2.12. Let V be a pure variety defined over a finite field F q . Let F be the Frobenius morphism corresponding to the F q -structure on V . Suppose there exists g(z)
In particular, g(z)
Rational points of fixed point subvarieties of generalized flag varieties
In this section we prove Theorem 3.10 and Proposition 3.15. The proofs of these results are contained in §3.2 and §3.3. Theorem 3.10 is a consequence of Proposition 3.4, which is proved by combining well-known results from the representation theory of finite groups of Lie type.
3.1. Fixed point subvarieties of flag varieties. In this subsection we use the notation given in §2.1 and also the notation from §2.4; we do not require the axiomatic setup from §2.2. In particular, B is an F -stable Borel subgroup of G containing an F -stable maximal torus T , and P is an F -stable parabolic subgroup of G containing B. The unipotent radical of P is denoted by U. Note that U is also F -stable.
The Frobenius morphism F acts on the variety P of conjugates of P . For u ∈ G F uni this induces an action of F on the fixed point varieties P u and also on P 0 u . Therefore, we may consider the F -fixed points of each of these varieties: P F , P F u and (P 0 u ) F . We may identify P with G/P , because P = N G (P ). Then by [6, Cor. 3 .13] we identify P F with G F /P F , which in turn we can identify with
In a similar way, we identify (P
To keep the notation short, we do not show the dependence on F in the notation f
The following lemma is a consequence of the discussion above.
. Let L be the unique Levi subgroup of P containing T . Since P and T are F -stable, so is L. For the statements of the next lemmas we recall that W L denotes the Weyl group of L and T w is a maximal torus obtained from T by twisting by w ∈ W .
Proof. First note that f G P (u) is the value at u of the permutation character Ind 
where R 
As discussed in §2.5 the restriction of the virtual character R 
as claimed.
The formula in Lemma 3.2 can also be found in [14, Lem. 2.3] . Our next result is proved in a similar way to Lemma 3.2.
is the value at u of the permutation character Ind
Using [6, Cor. 12.9, Rem. 12.10], we have
On
Combining Lemmas 3.1-3.3 we get the following proposition.
Proposition 3.4. Let P be an F -stable parabolic subgroup of G containing an F -stable maximal torus T of G. Let L be the Levi subgroup of P containing T and let
(ii)
We note that the special case P = B of Proposition 3.4 is well-known: |B
, e.g. see [28, §5] . We recall that two parabolic subgroups of G are called associated if they have Levi subgroups that are conjugate in G. The formulas for |P F | given in Proposition 3.4 depend only on the Levi subgroup L and not on the parabolic subgroup containing L; this is due to the fact that the Harish-Chandra induction functor R G L does not depend on the choice of parabolic subgroup containing L that is used to define it, [6, Prop. 6.1]. Therefore, we deduce the following corollary; we note that this was observed also by G. Lusztig, see [24, II 4.16] .
Corollary 3.5. Let P and Q be associated F -stable parabolic subgroups of G and let P and Q be the corresponding generalized flag varieties. Let u ∈ G F uni . Then we have
Remark 3.6. Assume as in Proposition 3.4. In the special case P = G of Proposition 3.4(i), we recover the following well-known identity
uni , e.g. see [27, Prop. 5.8]. Let P be an F -stable parabolic subgroup of G with U = R u (P ) and let P be the corresponding generalized flag variety.
F | = 0 and it follows from Proposition 3.4(ii) that
The special case P = G (and u = 1) of (3.7) gives (3.8)
which is the formula in [22, Prop. 5.2(ii)] for the sign character of W and 1 = u ∈ G F uni (under the Springer correspondence, the sign representation of W corresponds to the trivial unipotent class in G). Conversely, we can recover (3.7) from the version of (3.8) for "G = L" by applying the Harish-Chandra induction functor R G L . Further, the special case P = G and u = 1 in Proposition 3.4(ii) gives 1
which is just the formula in [22, Prop. 5.2(i)] again for the sign character of W .
Remark 3.9. Note that P x and P 0 x are defined for any x ∈ G (though P 0 x is empty unless x is unipotent and G · x ∩ R u (P ) = ∅). It follows from the proofs of Lemmas 3.1-3.3 that the functions G F → Z ≥0 given by x → |P F |. In this subsection we use the axiomatic setup given in §2.2. We fix the data ∆ = (Ψ, Π, F 0 , J), where Ψ = (X, Φ,X,Φ). Then for each prime power q we have a connected reductive algebraic group G defined over F q with Frobenius morphism F , and we have a parabolic subgroup P = P J of G which is F -stable. We assume that X/ZΦ is torsion free and that q is a power of a good prime for Φ. We use the convention discussed in Remark 2.1 to vary q.
We recall that, with the above assumptions, the results of §2.3 say that the parameterization of the unipotent G F -conjugacy classes does not depend on q. More specifically, there is a finite set E and finite groups A e (e ∈ E), such that the unipotent G F -conjugacy classes are parameterized by pairs (e, c) where e ∈ E and c is a conjugacy class of A e . This allows us to use the convention in Remark 2.5 to take a representative u = u e,c of the conjugacy class with label (e, c) that possibly changes as we vary q.
We can now state the main result of this section.
Theorem 3.10. Fix the data ∆ = (Ψ, Π, F 0 , J), where Ψ = (X, Φ,X,Φ). Assume that X/ZΦ is torsion free and let q be a power of a good prime for Φ. Let G, F and P be the connected reductive group, Frobenius morphism and F -stable parabolic subgroup of G determined by ∆ and q. Fix a label (e, c) of a unipotent G F -conjugacy class and let u ∈ G 
(ii) Suppose that G admits a simple component of type
Proof. First suppose that G does not have a simple component of type E 8 . In this case, the discussion in §2.5 tells us that the values of the Green functions Q G Tw (u) are given by polynomials in q. Now it follows from Proposition 3.4(i) that there exists g u (z) ∈ Q[z] such that |P F u | = g u (q). That this polynomial has integer coefficients follows from Proposition 3.20 in the next subsection.
Observe that, as L F is a finite reductive group, the factor |L F | p in the formula for |(P 
Since this holds for all applicable q, Lemma 2.11 tells us that h u (z) = k u (z)/z N is a polynomial in z. Again, the fact that h u (z) has integer coefficients follows from Proposition 3.20 in the next subsection.
In case G has a simple component of type E 8 , the proposition is proved in the same way. In this case we use Remark 3.21 to ensure we have integer coefficients.
Remark 3.11. We note that in Theorem 3.10(ii) the need to consider polynomials depending on the congruence of q modulo 3 only arises in certain special cases, see Remark 2.9.
Remark 3.12. Remove the assumption that X/ZΦ is torsion free, so that the centre of G is possibly disconnected. LetĜ be the semisimple adjoint group of the same type as G, and let φ : G →Ĝ be the natural map as in §2.3. Then it is straightforward to see that, for u ∈ G Using the chevie package in GAP3 ( [7] ) along with some code provided by M. Geck, we can calculate the polynomials g u (z) and h u (z) from Theorem 3.10. We illustrate this with some examples below. (ii). Now let G be of type G 2 and consider the unipotent G-class with Bala-Carter label G 2 (a 1 ). This is the subregular unipotent class in G. Let u 1 ∈ G F uni be a split element in this class. Then the component group of C G (u 1 ) is the symmetric group S 3 on 3 letters. Letting
F be in the G F -class corresponding to the conjugacy class of transpositions in S 3 and u 3 ∈ (G · u 1 )
F be in the G F -class corresponding to the conjugacy class of 3-cycles. Then we have (iii). Finally we consider G of type F 4 . Let P be the standard parabolic subgroup of G with Levi factor of type A 2 corresponding to the long roots of Π. For u the split representative in the conjugacy class with Bala-Carter label F 4 (a 3 ), we have
For u split in the conjugacy class with Bala-Carter label C 3 (a 1 ), we have
We note that in these cases the constant term in the polynomial is not 1; in Remark 3.16(ii), we give an explanation for this.
Example 3.14. Let G be simple and split over F q , and let u ∈ G In this subsection we show that the polynomials g u (z) and h u (z) from Theorem 3.10 have integer coefficients. Further, in case G and u are split we are able to interpret the coefficients as Betti numbers of the relevant variety. For simplicity, we only consider the case where G does not have a simple component of type E 8 ; analogous results for the case where G is of type E 8 can be proved similarly, see Remark 3.21 for precise statements. We use the axiomatic setup from §2.2, so we fix the data ∆ = (Ψ, Π, F 0 , J), where Ψ = (X, Φ,X,Φ). Then for any prime power q we have corresponding G, F and P . Throughout this subsection we only consider powers of good primes for Φ. Further, we assume that X/ZΦ is torsion free, so that the centre of G is connected; we note that Remark 3.12 means that this latter assumption gives no essential loss in generality.
We begin by considering the case where F 0 is the identity; this corresponds to G being split over F q . Further, we begin by only considering unipotent G F -conjugacy classes that contain a split element u (see §2.3), and we concentrate on the varieties P u and polynomials g u (z).
With the above conditions we can consider P u as a variety defined over Z, so that for each prime power q the definition over F q is obtained by changing base. In particular, if we fix a prime p, then P u can be viewed as a variety defined over F p and, for each power q = p s of p, the fixed points P F u of the corresponding Frobenius morphism are precisely the F q -rational points of P u with respect to the F p -structure.
The discussion in the paragraph above, Lemma 2.12 and the purity of the variety P u (as discussed in §2.4) imply the first part of Proposition 3.15 below; the second part holds for the same reasons. Proposition 3.15. Fix the data ∆ = (Ψ, Π, F 0 , J), where Ψ = (X, Φ,X,Φ). Suppose Φ does not have an irreducible component of type E 8 , the automorphism F 0 is the identity and X/ZΦ is torsion free. Let q be a power of a good prime for Φ. Let G, F and P be the reductive group, Frobenius morphism and F -stable parabolic subgroup of G determined by ∆ and q. Fix a split element u ∈ G 
and all the eigenvalues of F on
In particular, the Euler characteristics of P u and P Remark 3.17. Let P and Q be associated F -stable parabolic subgroups of G and let P and Q be the corresponding generalized flag varieties. Then it follows from Corollary 3.5 and Proposition 3.15 that for u ∈ G uni , the Betti numbers of P u and Q u (respectively P 0 u and Q 0 u ) coincide. We note that this has been observed by Cor. 3.7] ). In particular, dim H 2du (P u , Q l ) = dim H 2du (Q u , Q l ) implies that P u and Q u have the same number of irreducible components of maximal dimension. We note that it is not always the case that P u and Q u have the same number of irreducible components in lower dimensions; see [24, II 11.5] for an example in case G = GL 4 .
Analogous statements hold if we replace P u and Q u by P 0 u and Q 0 u ; see [24, II 11.6 ] for an explicit example where the number of irreducible components differs. We note however that for G = GL n , the varieties P 0 u are equidimensional, see the final corollary in [23] ; also see [24, II Prop. 5.15] .
Note that in contrast to P u and P 0 u , the fixed point variety B u is always equidimensional, [24, II Prop. 1.12]. Remark 3.18. Next we discuss some special cases where there is an alternative way to see that |P F u | is a polynomial in q with coefficients independent of q. Let G and u ∈ G F uni be split. Suppose that P u admits a stratification into a finite union of locally closed subvarieties, so that the decomposition does not depend on q and each stratum is isomorphic to some affine space and is defined over F q ; such a decomposition is called a paving by affine spaces. It then follows that |P F u | is a polynomial in q. Further, the coefficient of q i in this polynomial is the number of strata isomorphic to affine i-space A i ; by Proposition 3.15 this coefficient is also the (2i)th Betti number of P u . Below we give some examples when such a stratification is known to exist.
(i). In case u = 1, the Bruhat decomposition of G implies that there is a paving of B 1 = B by affine spaces, and one deduces that dim H 2i (B, Q l ) is the number of elements of W of length i. Likewise, the Bruhat decomposition can be used to obtain a stratification of P and to interpret the (2i)th Betti number of P as the number of elements of length i in the set of distinguished coset representatives in W/W L .
(ii) Suppose G is simple. It is known in all cases apart from E 7 and E 8 that B u admits a paving by affine spaces for any u ∈ G uni , see [5, Thm. 3.9] , [24, II Prop. 5.9], and [25, Thm. 2] . See also [11, Ch. 11] . We note that the treatment in [5] only applies in characteristic 0. In case u is in the subregular class of G uni , B u is a Dynkin curve (as mentioned in Example 3.14). Therefore, B u is the disjoint union of affine lines and points with no restriction on the type of G. Also, if u is a root element in G uni , then B u admits an affine paving, irrespective of the type of G, see [27, Prop. 7.11] .
(iii). Now suppose G = GL n and P is a parabolic subgroup of G with associated generalized flag variety P. In [21] , N. Shimomura showed that P u admits a paving by affine spaces for any P and any u in G uni .
In view of the special situations discussed in Remark 3.18 it is natural to ask whether in general P u and P 0 u admit pavings by affine spaces. In particular, this is consistent with the vanishing of the odd l-adic cohomology of P u and P 0 u , as shown in Proposition 3.15. Now we consider the situation when u is not split (still assuming that G is split). So we fix a label (e, c) of a unipotent G F -conjugacy class and let u be a representative of this conjugacy class; we use Remark 2.5 to vary q. We recall that u is split if the permutation action of F on the irreducible components of B u is trivial.
Since there are finitely many irreducible components of B u , there is a minimal positive integer s such that the action of F s on the set of irreducible components of B u is trivial. (We note that s is the order of an element of the conjugacy class c in the group A e , but as we do not require this fact we do not give a proof of it.) Therefore, considered as an element of G F s we have that u is split. Hence, by Proposition 3.15 above, the l-adic cohomology groups vanish in odd degrees, and the eigenvalues of F s on the l-adic cohomology groups H 2i (P u , Q l ) are all q is for i = 0, . . . , d u . Therefore, the eigenvalues of F on H 2i (P u , Q l ) are of the form ζ j q i , where ζ is a primitive sth root of unity and j = 0, . . . , s − 1. Let n i,j be the number of times ζ j q i (j = 0, . . . , s − 1) occurs as an eigenvalue of F on H i (P u , Q l ). Using the Grothendieck trace formula we get
Since (3.19) holds for all q and |P F u | = g u (q), we see that the n i,j do not depend on q. It follows that the coefficients of g u (z) are algebraic integers. Since these coefficients are also rational numbers, we must have g u (z) ∈ Z[z].
Next we consider the case where we no longer assume that F 0 is the identity, i.e. that G is not split over F q . The automorphism F 0 is of finite order, say r. Then F r is a Frobenius morphism on G corresponding to a split F q r -structure. The discussion in the previous paragraph then tells us that the eigenvalues of F r on H 2i (P u , Q l ) are of the form ζ j q ir , where ζ is some root of unity. It follows that the eigenvalues of F on H 2i (P u , Q l ) are of the form ξ j q i , where ξ is some root of unity. Now an analogue of (3.19) holds and we can deduce as before that
Proposition 3.20 completes the proof of Theorem 3.10. We have proved the statement about g u (z) and the assertion about h u (z) is proved in the same way.
Proposition 3.20. Fix the data ∆ = (Ψ, Π, F 0 , J), where Ψ = (X, Φ,X,Φ). Assume that Φ does not have a simple component of type E 8 and X/ZΦ is torsion free. Let q be a power of a good prime for Φ. Let G, F and P be the connected reductive group, Frobenius morphism and F -stable parabolic subgroup of G determined by ∆ and q. Fix a label (e, c) of a unipotent G F -conjugacy class and let u ∈ G F uni be a representative of this class. Let g u (z), h u (z) be as in Theorem 3.10. Then we have
Remark 3.21. Suppose G is split and has a simple component of type E 8 . Then for u ∈ G 
As mentioned in Remark 3.11, we only actually need to consider two polynomials depending on the congruence of q modulo 3 in certain special cases.
Unipotent conjugacy in finite groups of Lie type
In this section we apply the results of the previous sections in order to prove our generalization (Theorem 4.6) of the main theorem in Alperin's note [1] .
4.1.
A counting argument for finite groups. For the first part of this subsection let G be a finite group and let H be a subgroup of G. In Lemma 4.1 below we give a formula for the number of H-conjugacy classes in G. This lemma was proved for a particular case in [1] , but the proof applies generally without change; we include the proof for the reader's convenience. Before stating the lemma we need to introduce some notation.
For x ∈ G we write f
for the number of conjugates of H in G containing x. By k(H, G) we denote the number of H-conjugacy classes in G and we let R = R(G, H) be a set of representatives of the distinct G-conjugacy classes that intersect H.
Lemma 4.1. The number of H-conjugacy classes in G is given by
Proof. Counting the set of pairs {(y, g H) | y ∈ G · x, g ∈ G, y ∈ g H} in two different ways, we obtain |G :
Now Burnside's counting formula gives
Thus it follows that
Remark 4.2. If the conjugacy class of x ∈ G does not intersect H, then we have f G H (x) = 0. Therefore, it does no harm in the formula in Lemma 4.1 to sum over representatives of all conjugacy classes of G, i.e. to take R = R(G) to be a set of representatives of all the conjugacy classes of G. Now suppose G is a connected reductive group defined over F q with corresponding Frobenius morphism F of G. Let H be a closed F -stable subgroup of G. In this situation we write f G H rather than f G F H F to shorten notation; we note that this notation has already been used in §3.1. We can apply Lemma 4.1 in the case "G = G F " and "H = H F " and we obtain the formula
where R = R(G F , H F ) is a set of representatives of all G F -conjugacy classes that intersect H F ; or using Remark 4.2 we may take R = R(G F ) to be a set of representatives of all G F -conjugacy classes. Lastly in this subsection, we remark on a connection between the functions f G H and so called fixed point ratios for finite group actions; for the importance of the latter see for instance [14] and the references therein.
Remark 4.3. Let G be a finite group and let H be a subgroup. Consider the transitive action of G on the cosets G/H. For x ∈ G, the fixed point ratio of x in this action is given by
where fix G/H (x) denotes the number of fixed points of x on G/H, see [14] . In particular, by the counting argument in the proof of Lemma 4.1 we get 
where R = R(G F , U F ) is a set of representatives of the conjugacy classes of
Thus it follows from Lemmas 3.3 and 4.1 that
For the remainder of this subsection we use the axiomatic setup of §2.2. We fix the data ∆ = (Ψ, Π, F 0 , J), where Ψ = (X, Φ,X,Φ). Then for each prime power q we have a connected reductive algebraic group G defined over F q with Frobenius morphism F and we have the F -stable parabolic subgroup P = P J of G. We denote the unipotent radical of P by U and we write L for the unique Levi subgroup of P containing T . In order to state the results in this subsection we use the convention discussed in Remark 2.1 to vary q.
We now state and prove the principal result of this section; it generalizes the main theorem of [1] , which is the special case G = GL n and P = B of Theorem 4.6. Theorem 4.6. Fix the data ∆ = (Ψ, Π, F 0 , J), where Ψ = (X, Φ,X,Φ). For a prime power q, let G, F and P be the connected reductive group, Frobenius morphism and F -stable parabolic subgroup of G determined by ∆ and let U = R u (P ). Assume that X/ZΦ is torsion free and that q is a power of a good prime for Φ.
(i) Suppose that G does not have a simple component of type E 8 . Then there exists
, when q is congruent to i modulo 3.
Proof. The first equality in (4.5) says that
Since L F is a finite reductive group, the factor |L F | is a polynomial in q, e.g., see [4, p. 75] . By Lemma 3.1(ii) and Theorem 3.10 each of the summands f G U (u) is a polynomial in q. With the assumption that X/ZΦ is torsion free, it follows from Proposition 2.4 that the set R = R(G F , U F ) is independent of q, where we use the convention of Remark 2.5.
Remark 4.7. By Remark 2.9, if G has a simple component of type E 8 and P is an F -stable parabolic subgroup of G, then the polynomial k(U F , G F ) in q in Theorem 4.6(ii) only depends on the residue class of q modulo 3 in case U meets the unipotent class with Bala-Carter label E 8 (b 6 ). For G simple of type E 8 , it is straightforward to calculate the parabolic subgroups of G for which this occurs; for example this class does not meet the unipotent radical of any of the maximal parabolic subgroups of G.
It was already remarked that the formula in Lemma 3.3 for f G U (u) does not depend on the choice of an F -stable parabolic subgroup P of G containing L as a Levi subgroup. This enabled us to deduce Corollary 3.5. Similarly, we can observe the following corollary. We can argue as in Remark 4.2 to sum over all unipotent G F -conjugacy classes in the formula for k(U F , G F ) in Proposition 4.4; alternatively one can note that associated parabolic subgroups have the same Richardson class, so that the unipotent classes of G meeting their unipotent radicals coincide.
Corollary 4.8. Assume as in Theorem 4.6. Let P and Q be associated F -stable parabolic subgroups of G with unipotent radicals U and V respectively. Then
Remark 4.9. Assume as in Theorem 4.6. The commuting variety of U and G is the closed subvariety of U × G defined by
Since U is F -stable, F acts on C(U, G) and we can consider the F -fixed points and we have
The Burnside counting formula tells us that
where m(z) ∈ Z[z] is as in Theorem 4.6. In particular, |C(U F , G F )| is given by a polynomial in q with integer coefficients independent of q. (If G admits a simple component of type E 8 , there are two polynomials depending on the congruence class of q modulo 3.) We note that the coefficients of the polynomial m(z) can be negative (see Examples 4.10). This means that the variety C(U, G) is not, in general, pure and therefore we cannot interpret the coefficients as Betti numbers as in Lemma 2.12.
Using the chevie package in GAP3 ( [7] ) along with some code provided by M. Geck, we are able to explicitly calculate the polynomials m(z) in Theorem 4.6. We illustrate this with some examples below. Table 1 below we give the polynomials for k(U F , G F ) in case G = PGL n and P = B for n = 2, . . . , 10. In this case we can take U = U n to be the group of upper unitriangular matrices. We note that it follows from the first equality in (4.5) that In case G has disconnected centre, the parameterization of the unipotent G F -conjugacy classes depends on q, as discussed at the end of §2.3. We also mentioned that this dependence is only up to congruences on q. From this discussion, Theorem 4.6 and Remark 3.12 it follows that k(U F , G F ) is given by polynomials up to congruences on q. We illustrate this in the following example.
Example 4.11. Let G = SL 3 . In this case, we have three F -stable unipotent G-conjugacy classes, as mentioned in Example 2.6. The class corresponding to the partition (1, 1, 1) is {1}, which forms a single G F -conjugacy class; one can also show that the F -stable class corresponding to the partition (2, 1) is a single G F -class. As discussed in Example 2.6 the regular class splits into three G F -classes if q ≡ 1 mod 3 and forms a single G F -class if q ≡ 0, −1 mod 3. We consider the case when P = B is a Borel subgroup of G. One can calculate the value f G U (u) to be 1, 2q + 1, (q 2 + q + 1)(q + 1) for u in the class labeled (3), (2, 1), (1, 1, 1) , respectively. Using the formula given in the first equation in (4.5), we obtain
for q ≡ 1 mod 3; and
is given by two polynomials depending on congruences of q modulo 3.
The formula in Proposition 4.4 and Remark 2.10 suggest that the values of k(U F , G F ) differ for good and bad primes. Below we give an example where this does occur. Example 4.12. Consider G of type C 2 and P = B a Borel subgroup of G. If q is a power of an odd prime, then we have
while if q is a power of 2, then we get
We are grateful to M. Geck for the computation of these polynomials.
Remark 4.13. Let P be an F -stable parabolic subgroup of G. Using Lemma 4.1 and the fact that P = N G (P ) we obtain (4.14)
where R = R(P F , G F ) is a set of representatives of the conjugacy classes of G F that intersect P F . From the proof of Lemma 3.2 we get an expression of f G P (x) as a sum of Deligne-Lusztig generalized characters, but this is a linear combination of Green functions only in case x is unipotent. Further, the set R over which the sum is taken depends heavily on q, so it is non-trivial to determine whether k(P F , G F ) is given by a polynomial in q. In [1] it is shown, using an expression as in (4.14) , that k(B F , G F ) is given by a polynomial in q, in case G = GL n . The proof of this depends on partitioning the set R(
and |R i | is given by a polynomial in q. An inductive counting argument is used to show that f G B (x) is given by a polynomial in q, for x ∈ G. We hope to use similar arguments to consider k(P F , G F ) in general. In [9] , we have proved that k(P F , G F ) is a polynomial in q in case G = GL n . This is achieved using a decomposition of the conjugacy classes of G F analogous the partition of R(B F , G F ) mentioned above. Further, we reduce the calculation of f G P (x) to that of f H Q (u) for certain pseudo Levi subgroups H = C G (s)
• of G and parabolic subgroups Q of H, where x = su is the Jordan decomposition of x. We hope that similar arguments will apply to arbitrary reductive G. As the centre of a pseudo Levi subgroup of G need not be connected even if the centre of G is connected, one can only really hope to prove that f G P (x) is given by polynomials in q up to congruences on q.
Finally, we observe that we readily obtain an analogue of Corollary 4.8. Let P and Q be two associated F -stable parabolic subgroups of G. Then we have (4.15)
We argue as follows. We may assume that P and Q share a common F -stable Levi subgroup L say. Then the desired equality follows from (4.14), and the equality f
does not depend on the choice of an F -stable parabolic subgroup admitting L as a Levi subgroup.
Appendix A. The GL n case
In this appendix, we give an elementary proof of the existence of the polynomial h u (z) in Theorem 3.10 for the case G = GL n with standard definition over F q . In this case existence of h u (z) follows from the theory of Jordan normal forms, so one obtains an elementary proof of Theorem 4.6. The proof is purely combinatorial, beginning with two counting lemmas.
Let V be an n-dimensional vector space over F q and let W be an m-dimensional subspace of V . Let l ∈ Z ≥0 and define S(V, W, l) = {U ⊆ V | dim U = l, U ∩ W = {0}}.
We note that the order of S(V, W, l) depends only on n, m and l (and not on the choice of V and W ). As we let q vary, the order of S(V, W, l) defines a function of q, which we denote by s(n, m, l)(q).
The following lemma is proved using an easy counting argument.
Lemma A.1. We have s(n, m, l)(q) = l−1 i=0 q n − (q m + q i − 1) q i − q i−1 .
In particular, s(n, m, l)(q) is a polynomial in q.
Proof. Suppose we have chosen subspace U ′ of V with dim U ′ = l−1 and U ′ ∩W = {0}. Then the number of ways of extending U ′ to U ∈ S(V, W, l) is (q n −(q m +q l−1 −1))/(q l−1 −q l−2 ). The formula for s(n, m, l)(q) now follows by induction. We have that s(n, m, l)(q) is a polynomial in q by Lemma 2.11
We recall that a flag F in V is a sequence of subspaces {0} = V 0 ⊆ . . . ⊆ V r = V ; in this appendix we only consider proper flags so V i = V i+1 for all i. be an r-tuple with e i ≤ d i and e i ≤ e i+1 for each i. We define T (F, e) to be the set of subspaces U of V such that dim(U ∩ V i ) = e i for each i. It is clear that the order of T (F, e) depends only on the vectors d and e and as q varies, it defines a function t(d, e)(q) of q. We prove the following lemma by induction using Lemma A.1. Proof. We work by induction on r. The case r = 0 is trivial. Therefore, we may assume that the number of ways of choosing U ′ ⊆ V r−1 such that dim(U ′ ∩ V i ) = e i for i = 1, . . . , r − 1 is given by a polynomial in q. Given such U ′ , the number of ways of extending U ′ to U such that U ∩ V r−1 = U ′ and dim(U ∩ V r ) = e r is the number of subspaces of V r /U ′ of dimension e r − e r−1 that intersect V r−1 /U ′ trivially. The induction is now completed using Lemma A.1.
We retain the notation that V is an n-dimensional vector space over F q and we define G = GL(V ). In this appendix we denote a partition π of n by the n-tuple (π 1 , . . . , π n ) of non-negative integers such that n i=1 iπ i = n. We denote by Π(n) the set of all partitions of n. We recall that the unipotent conjugacy classes in G are parameterized by the partitions of n (by the theory of Jordan normal forms). Given a partition π of n, let x π ∈ G be a representative of the conjugacy class corresponding to π; we write y π = x π − 1. For any unipotent element x ∈ G we write Par(x) for the element of Π(n) to which the conjugacy class of x corresponds.
For a partition π and dimension vector d we define
As q varies the order of F (π, d) defines a function of q, which we denote by f (π, d)(q); note that this function depends only on π and not the choice of x π .
Given a flag F ∈ Flag(V, d) we define P F to be the stabilizer of F in G, i.e.
P F = {x ∈ G | x(V i ) = V i for all i}.
It is well-known that P F is a parabolic subgroup of G and that all parabolic subgroups of G occur in this way (for some d and F ). The unipotent radical U F of P F is given by
It is clear that for any F ∈ Flag(V, d) and any π ∈ Π(n) there is a bijection between F (π, d) and
Therefore, the existence of the polynomial h u (z) in Theorem 3.10 is equivalent to proving that f (π, d)(q) is a polynomial in q. If x ∈ G and W is a subspace of V such that x(W ) = W , then we write x W for the element of GL(V /W ) induced by x. Let c ∈ Z ≥1 and let π ′ be a partition of n − c. Define
As q varies, the order of W(π, π ′ ) defines a function w(π, π ′ )(q) of q, which only depends on π and π ′ (and not on the choice of x π ). It is clear that f (π, d)(q) = . So by induction we just have to show that w(π, π ′ )(q) is a polynomial in q, for all π, π ′ . Define K π = ker y π and for each j ∈ Z ≥0 define J π,j = K π ∩ y j π (V ). Clearly, a subspace of V is killed by y π if and only if it is contained in K π . Let v ∈ K π and let j ∈ Z ≥0 be such that v ∈ J π,j \ J π,j−1 . It is easy to check that the endomorphism that x π induces on V / v corresponds to the partition π * , where π * j = π j − 1, π * j−1 = π j−1 + 1 and π * i = π i for all other i.
Let π ′ ∈ Π(n−d 1 ) and for i = 1, . . . , n we define b i = n j=i π j −π ′ j . The observations in the previous paragraph imply that W ∈ W(π, π ′ ) if and only if W ⊆ K π and dim(W ∩ J π,i ) = b i for each i. It now follows from Lemma A.2 that w(π, π ′ )(q) is a polynomial in q. This completes the proof of existence of the polynomial h u (z) in Theorem 3.10 and therefore the proof of Theorem 4.6 for G = GL n .
We have not justified that h u (z) ∈ Z[z], this reduces to checking that the polynomial s(n, m, l)(q) from Lemma A.1 has integer coefficients; we leave the details to the reader.
Further, we note that it is far from evident from this proof that for associated parabolic subgroups of G = GL n we get the same polynomials, cf. Corollaries 3.5 and 4.8.
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